Abstract. The generalized index at a point P for the improper intersection of a purely dimensional analytic set V with a submanifold S is de ned as the extended multiplicity at P of the total result of the analytic intersection algorithm performed for a generic admissible collection of smooth divisors. One may, of course, con ne oneself to the case where S is a linear subspace. The computation of generalized intersection index can be reduced to a problem of intersecting an algebraic bicone B with linear hyperplanes (theorem on deformation to an algebraic bicone; cf.
In the papers 5, 6] we reduced computation of the generalized index at a point P for the improper intersection of a purely dimensional analytic set V with a submanifold S s of a complex manifold M m (introduced by P. Tworzewski 7] ) to a problem of intersecting an algebraic bicone B with linear hyperplanes. We proved that this index is realized by a collection of smooth divisors provided that their equations satisfy certain generic conditions of lter-regularity. Those conditions imposed on such a collection of smooth divisors are of linear character: the rst derivatives of the equation of each successive divisor should avoid a nite union of proper linear subspaces (depending on the previous divisors of the collection). In particular, the generalized index for the intersection of V with a linear subspace S is realized by a generic collection of hyperplanes H = (H 1 ; : : : ; H r ).
The purpose of this article is to show that the generalized index for the intersection of V with a linear subspace S is realized by every collection of hyperplanes admissible with respect to the foregoing algebraic bicone B. This fact is important because the conditions for a collection of hyperplanes to be admissible with respect to B are of geometric nature: it is not necessary to analyse the embedded components of the intersections involved (or, in other words, it is not necessary to analyse the embedded primary components of the ideals being obtained in the analytic intersection algorithm).
We begin by recalling the analytic intersection algorithm (cf. 7, 4, 6] 2) T r k=1 T P H k = T P S for each point P in S \ U (here T P N is the tangent space to a manifold N at a point P).
For a given analytic subset V in M of pure dimension d, let H(U; V ) be the set of all H 2 H(U) such that ((U n S) \ V ) \ H 1 \ : : : \ H k is an analytic subset in U n S of pure dimension d ? k (or the empty set) for k = 1; 2; : : : ; r. We call such H collections of smooth divisors admissible with respect to V . For any point P in S, P. Tworzewski 7] de ned the multi-index e g(V; S)(P) := min fext.mult P (V H) : H 2 H(U; V ); P 2 Ug 2 N s+1 ; where both neighbourhoods and admissible collections H(U; V ) vary, and the minimum is with respect to the lexicographic ordering. The (s+1)-tuple e g(V; S)(P) is called the generalized (or extended) intersection index of V with the submanifold S at the point P; the sum g(P) of the components of e g(P) is called the intersection index (or multiplicity) of V with S at the point P.
The generalized intersection index of V with S at a point P coincides with the bidegree sequence of an algebraic bicone B, and the intersection multiplicity is the multiplicity at P of the normal cone C := C V \S V (see 4, 5, 6] and also 1, 2]). The proof of the above theorems is based on the method of deformation to the normal cone. Under the notation of the analytic intersection algorithm, we may assume that the ambient space is C m = C s u C r v , S = f(u; v) 2 C s u C r v : v = 0g, and that P = 0.
In order to deform the analytic set V to the normal cone C := C V \S V (cf. 4, 6]), one can de ne the following analytic family of analytic sets t V t = f(u; v; 1 : t) 2 C m P 1 : (u; v=t) 2 V g parametrized by t 2 C n f0g; the deformation space V for the set V is the closure of the above family in C m P 1 . From the geometric viewpoint, the normal cone C = C V \S V to the subspace V \ fv = 0g = V \ S in V may be identi ed with the bre V 1 over the point 1 2 P 1 . Observe that all the spaces V t \ S do not vary and coincide with the zero-section (vertex space) V \ S of the normal cone. Moreover, all the bres V t for t 2 C , t 6 = 0, are isomorphic to the set V .
From now on we regard the bres V t as analytic cycles; in particular, we look at the cone V 1 as at an analytic cycle. By additivity, one can deform to the normal cone analytic cycles, which is important as the analytic intersection algorithm produces analytic cycles to be deformed as well. The normal cone C = V 1 is the limit cycle near P for the family of analytic cycles V t when t approaches 1; we then say that C is the limit cycle for V .
We can repeat the foregoing construction of deformation, but with the coordinates u and v interchanged (cf. 5, 6] ). In other words, we now deform the cone C to the normal cone B to the bre of C over the point P of the vertex space. It is easy to see that B coincides with the tangent cone to C at the point P, and thus B is an algebraic cone, which is also an algebraic bicone with respect to the variables u and v. The bicone B = C 1 is again the limit cycle near P for the family of analytic cycles C t when t approaches 1; we then say that B is the limit cycle for C.
If B is an algebraic bicone, any collection of hyperplanes H admissible with respect to B realizes (by the classical Bezout theorem) the generalized index for the intersection of B with S; the choice of such a collection depends only on the support of the cycle B. We shall prove that any such H is admissible and realizes the generalized indices at P both for the intersection of C with S and V with S.
Theorem. Let V be an analytic set of pure dimension d at the point P = 0 2 C m and S be a linear subspace of C m . We may, of course, assume that C m = C s u C r v (m = s + r) and S = f(u; v) 2 C s u C r v : v = 0g. Consider the normal cone C := C V \S V and an algebraic bicone B that is the tangent cone to C at P; both C and B are regarded as analytic cycles (cf. 4, 5, 6] ). Suppose a collection of hyperplanes H = (H 1 ; : : : ; H r ) is admissible with respect to the bicone B. Then H is admissible and realizes the generalized indices at P both for the intersection of C with S and V with S.
PROOF. According to the theorem on deformation to the normal cone (cf. 4, 6] ) and the theorem on deformation to an algebraic bicone (cf. 5, 6]), we have the equalities e g(V; S)(P) = e g(C; S)(P) = e g(B; S)(P) =: (g 0 ; g 1 ; : : : ; g r ) and all the above generalized intersection indices coincide with the bidegree sequence of the algebraic bicone B. Denote by k and k the two families of analytic cycles constructed by means of the analytic intersection algorithm performed for the bicone B and the collection of hyperplanes H = (H 1 ; : : : ; H r ).
We assert that the collection of hyperplanes H is admissible both for C and V , and thus it is possible | as before when carrying out the intersection algorithm | to construct analytic cycles k , k and k , k (k = 0; 1; : : : ; r). We shall prove this assertion by induction with respect to the number k of step of the intersection algorithm. We shall simultaneously show that k are the limit cycles for k (when deforming to the algebraic bicone B), k are the limit cycles for k (when deforming to the normal cone C), and that mult P k = mult P k = mult P k = g k (k = 0; 1; : : : ; r): We shall consider only the case of deformation to the algebraic bicone B, since the case of deformation to the normal cone C is analogous. Observe that every hyperplane H k of H is of the form
and is invariant under both the deformations. Clearly, 0 := B ? B S is the limit cycle for 0 := C ? C S (cf. 5, 6]). Hence mult P 0 mult P 0 = g 0 mult P 0 :
Further, by continuity of proper intersections of positive analytic cycles (cf. Then we get mult P 1 mult P 1 = g 1 mult P 1 whence mult P 1 = mult P 1 = g 1 ; and thus 1 is the limit cycle for 1 . Repeating the above argument for the intersection with H 2 , we obtain the equality mult P 2 = mult P 2 = g 2 ; and consequently 2 is the limit cycle for 2 . In this manner we can continue the analytic intersection algorithm, and thereby verify the assertion for the analytic cone C (a routine induction argument).
Summing up, H turns out to be a collection of hyperplanes admissible for C, which realizes the generalized intersection index of C with S at P. The analogous reasoning shows that H is an admissible collection for V , which realizes the generalized intersection index of V with S at P too. This completes the proof of our theorem.
